
Separation of electrons and nuclei

• IF = tie that then I TCR
.
x ) = EYCR

,
x )
↳ electronic coordinates

tie -- Fei Hee ,
In = In + Unu

,
hee Ue# nuclei coordinates

x a →
.EEE:÷,

-E Em Di I -FEE.ba
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• A way

te exact solution :

x)tUaxUx)U]4xU%×M R- fixed G)
-

This corresponds to Ialei . m telethon) cc M (nucleus )
Quantum :

4 (Rex ) -- q HR) 4,4,
R) ⇒ She"digereg . (2)

innit ) Embarks xstf-ixsftnutd-E.E.no#.dITa.



We obtain :*
(3)

I 9) lust 4) x , - f. F¥axDGa4hXsEt÷ Exits]
- 01×1%4s integrate"

s lover x

I XD Sss . +Helin Hs> Xi
-I afraxs ) traits> +4 , said,
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n
F

'

where :
Ty, (e) = orgs . e) + Ayy CR)
-

{ - Elena ttziiif. ] athist !
Hibernates> stood;d4,>

Uggla -- fig Usk)
n

These equations are exact Note that Agg
(Rl (diagonal ) is Not an operator, as

DPMM ' I Fra
.

He> = Iff
. .

143=0 if f- real (gingered)



• Ugc - adiabatic potential for the electronic state 3 Elections fellow the nuclei

(a) Adiabatic approximationladoasatiallegu.xl-4scx.mn/ssecI1¥17[ In + Usfe) t Azz CRI ]Xsze= Esse Xsx

⑥t.net - spmawlaheter
recall

,

hot an operator! -

I
many cases

the R - dependence is defined by Us CR)
,
dy , can Be treated as

a constant .

(8)E¥¥f - potential energy of electrons and
nuclei

,
when the

-

lather are fixed at Rand are
" classical

.

" ( PES)
good

1. Equilibrium structure (s)

Esta¥%ff.fm#rrers9and9 )

¥÷¥gumdd
2. Vibrations ⇒ thermal properties
3. Stability



Vibrations ( introduction of the idea only )

|EgCR)=Ugtdg ← PES around Ro (minimum )

Expand this to the Iud order
in atomic displacements Ua = Ra - Rao around

equilibrium positions (the minimum of the PES) :

= Ia auaattzafa.de#aaia.7Uaauaiaitn.qlItIEaaPaaasi
4*4*39.- Essexsad

"

-
quantum equations of atomic

- vibrations
.

densely
=D ⑦

Again f populated
IT force constant matrix

'

I IT TETM¥pKq€⇒
a -R - R

- atomic classical quantum
forces

Vibcatioxns
picture picture

f- coat the minimum) x Esch

Stability € minimum

TmateixP=H Paa
,
as.tl is positively defined q

Eigenvalues of P are at . If all ate > e.
→ •

If wise ⇒ use- Joely imaginary Cunstable ) → saddle



(b) nou-adiakaticityfus.CM , Usace) cross )

TIFR
,
x) = 4qk.HXsfrlttzfx.MXIN an)

hear the crossing . ⇒ vibeouic coupling

Ages
,

- operator of non - adiabatic
-ty

⇒
↳ crossing is avoided (e.g , perturbation
(degeneracy lifted) theory forI

States)

• Diabaticexpaus.am# 4-(r
,
x ) = § 4g (x, Ro) X, (e) Gzy/Born-bpmteimT1927
-
-

inthe minimum of the PES UsCR)
Here Ugg let is net diagonal§ Tis CRI is diagonal .

yµy7Equations are much simpler as Rats = o
.

small
This method is also exact 1h principle .



A note on crystals
→ → →

• A+
,
oh
,
a
,
- basic primitive translations

-0

=\ I I 2=45'thathats. - lattice vector
-

in -

I l I integers
-

- - This form, the Beauvais lattice .⇒ Laham in the
-
- - - unit cell

.

at
-

-teal--t are in the UC
,
then the←

I 11 , ,
• If more thantartan

BL's are shifted with respect to each other
.

93

Atoms inside UC : Is = siaitqats,
ofSick

Vc --fi. Caixa's] ) - UC volume
• Different choice

of
basic translations !

q.kz?Tijaj←

IF I
keeping the A the new cell is

/ Same ITI times larger
→ relume ↳ than the old one



Atomic vibrations E

• We consider a safe PES
,
ees .

the ground state
.

• r
Ro

E = Eat 12,27 Pij Ui Uj j, I = CA, a ) ⇐
harmonic approximation

%)

FEE pij-P.si (E - symmetric
matrix)

p
, L,

•

→
- o S x

,
s
'
x

'

•Timing : Ua = v for ti

the force Faa - AE , Paquita 's . = -I.vn/IaPaa.as.)=0 ⇒ II.Iaa.AE# #
→

→

• Periedicsgstemsce.gs i
,
j ⇒ as a ) 5. unintelligent if

(a) displace 1 atom Uh, # o
⇒ DE = { tsa! , Utsa ⇒ Psg! does not depend on L (28)

(b) displace 2 atoms Ues . , Ueda ,
to ⇒ DE =L@th uit Pii Uj ) t P

"
than

⇒ to
"
can only depend on the difference L - L' ⇒&h"=pt (soy



• Eguatiensofmotien(classical) H = ? II + { § ijuiujc" i = CAN
i
mKOK Mi

427 Bk - I
,
I = - fqf.EE

,
Pijuiuj ] = - I Ui ⇒IM.kiiie-ftk.FI

(33)
-

•. 4)

Changeto matrix notations : M U = -PU (35)

n = ( mom
. ?) a- ( 79) to = ( §",.FI

.

: : ) Dynamical matrix
(36)

v -- rih u rih i = - Prihr ⇒M ,
/D=ri%piiI

⇒
-

-

Trial solution : VH1 = Yeiwt
,

- EY = - DY or /DY=w Eigenproblem

|¥y
(37)
Mmm

⇒ normal modes are u = m-kygeiw.it Gg )
-

The vibrational frequencies: ID - ai El =D E - identity matrix

eigenvectors Ya can be all chosen orthonormal : /Yjy×=d
atheling

Emunim -

EdD = § e'
Mi Tait⇒ at a⇒ /EE=§Y×Yf ⇐ completeness

.

-

mum



Stability

. PE -- fatty = tzutfiihaiih)U={ f Nhut@ (iihu)
D= § WE 4×4,5 ( spectral theorem )

PE -- Icm'ku5IwiY¥Cm"
'

4=1 ? we ( n"YIuTG
"'Yiu) wise

' DI-D-swrepec.ee#
③br⇒F I

T

i APE

(a) w: > o for htt ⇒ stake ÷niwmmµZ
twice ⇒ unstable f¥#s*

e' iwxt ⇒ etifilw.nl )t= et twit Bj y

dissociative soliton

(c) Fay- small ⇒ soft mode

←



•

feozenphenen.appceximatiyus.CN- ground state. peeperty ,
can differentiate numerically

[A TA f
#

⇐ -- Ey, t.pk .

"
a'a .

Go)
/ o o / on Bp Al

q /T ⇒ Oy /T .

= - PBS
,
Aa
"
Aa

o l o l H
O 0

Better precision : f) A
"Arto only !

↳Pbqaa=-fbp/ ¢ , ,

i o II
- ha , as well 0 Of#

Y y ⇒QbqaaEE-ffBtp-fsfYkuaF@rdPbp.aa
- ( ÷ ! t.gg ! ÷)

It won't be symmetric .
Neat to impose

By
the symwetcisation posteriori .bg, either accepting
D

,
Tl or averaging over two .

• for crystals with PBC this method would only give vibrations for certain

TEEBZ
.
Larger UC are needed to have more

I points reproduced . Perturbation

theory enables one to consider any Busy even the primitive unit all .



FITS :(e.g. molecules) : (437

Call translational

"

invariance : momentum I=f main - o ⇒ /Imauif3D
(b) rotational invariance: angular momentum F- ftp.#xE=o
small vibrations :B -

- fmaffie.ua/xEaHfmaCiiexEaI=gdtEmaCEix iii.3=0
⇒ ¥maliExua 441Total # of D. of = 3N - 6.( non - linear molecules) -

Linear molecules : 3N - 5 ( one rotation less )3Dofeessa.ir#Examplem1-IE2nE3m--oxu=IkCxs-xi5tEkl'¥;5 14¥74
"

Condition : my ,+×,) + My = ¥ Xz can be eliminated
.

,0s=x 49)

KE-Emcxiixis-ifnxi-mfn-i-FI.es , a-
Mum 471 µ Eff:3:}

PE -- U -- kfjpa-kq.pe (48) he - FQ.GG

The Hamiltonian : H -- Hiatus ,
Ha -- 7¥ Bit KYLIE, HEE, ist ¥95

Pa
, Qb
- normal coordinates with

teeguengesjz, µ
Pa.- mode : = #

'

-⇒
×

wie kg and WE -_ Fa Os - mode : = # e -→ ×



Example 2 Translateqalihvaoianai.mnmfxytxz ) t MXz= O , m (yay, )tMyz= O (53)

s m
*dm ,

Rotationalmvan.am#
•

e Lae • mCEExfY
,
)ItmC5xC%Dtm[II x ( EB -- o¥→× lee 's:) EI:S:lµc%m-asacxrxI

"

-

Instead of 6 variables ,
we have only3 .

• Introduce new variables :

D= XITXB X , -_f(Qatada) Xe= - FP Xf Ecpa- As ,
) 6)

(5519?÷7÷7 }⇒ fyi-zcq-ie.am/y---Fioisfyi-IC9ieadaa )
• Considering Tia and FI a the

1st order with respect to displacements Xe
,
ya
,

Xz , Yr
and 43,43 :

842--44- Xu) send t Cy, -f) cost IGE - ( X, - xyauatcgz-gfco.sn EH

The angle
' 2321 change can be obtainede.g.fcemaes@dtodJ-FizeEsa14zGaiSSx-f.ff- (xsxdtlxiadcosa-kyz-yytfgi-yds.ua } 1581



PE -- ¥0418 + ¥@a5= k¥1 # + F. Ketene)oif¥C4Et2ke7

+@zmJPsICkiEt2kz51tInClq-2kz7esQsilsz.where GEEL IS)

• kE=ECE+tEE=8i¥f2f + 1) + Foist IIe: 603
S2

• EoM L -- KE - PE , ¥+8.7 = 0¥ ( q → Qa , lose , Psa) (61)
(627

Qa coordinate is already
separated ,

* y ydsi=0swand made 1⇐⇒ Wha = Im (at ZFsix) (63) ¥ ! XFXS Li = - Ys

⑧zBo X yz= O , Xz.
N - X

,

Qs , and cfszaoe
still coupled : -

1
-

I
- 2 ka) SC

¥18;) -- f-="
""" mm

"

* us,)(%= -HII) K "
-
I Ck

,
- 2K) es -

I

m mM

Vibrations ( Ppg! ) Yeiwt
-

are obtained fan AT = w
'
- Y
, yielding

wa - Chalet #e) t¥GtEnsy]wt4fkm =D 651



*L ←
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→
"
→ I .

←
'

n 3

\/7*0*2*0=-3X

y
X

X ,
- { Psi Qs ,

~ Ps2"⇒ ⇒ * ±. I:÷ .
.

I 's I :S: cam
,

t.si

• A realistic force field model for tho
i

UH
,
a) He + Ik , Keita Hz Ketan

-

tki.oendesztka.ecdental,a) da KH

14=52.76 g ko = 4,75g Ki ⇐ -0.63 ; Kee
= 1.92 ( eVA) ; I = 0.9576 A



• Crystals i = as a) DY = w'T ⇒ E.a. Dfg:L ,
Y:L - ai Y's 687

Been, boundary conditions :
To -

- N -- N
, NaN, primitive cells

"
s i

.

ii. ii. Es - qceimiafrrseeattia*#E .

.

"'
¥
.

.

"-""

f:÷÷÷÷÷÷f.Reciprocals T.ibj-2u-oig.to)
Ej - primitive reciprocal lattice vectors
Bcillouiu zone ( BZ) : I c- BZ

'
-

→ →

Let us tune some E and apply E. e-
ikl to both sides of (68) :

I , D
"'

Y'
'

e-
ik! WE e-

in
q) ⇒⇐ Keitel ")(g, Eitel ' Yu) = af ({ e-

ik yl)
CFD

¥7 DII
,
" .
Y

'Ii
.

- wie. Yi:
,
DEE. Die

- ik

z,
YE . qe-iIEy.i.az,

jpkyii.co#ykI normal modes
& their frequencies are Translational

finite ghyaracterised by the wave rate E . symmetry



Crystalline systems Classical
a- a / consideration

Example 3 m rn rn rn rn M¥ta -
Ir

i-z i - i Uit Itt

L { Emmi - Ikari -Unt} , It EET -

- IET C- 4) est

FUE man ; he - off. - +*(Unt ,
- Un ) -④ Uh- uh ,) ⇒/miiu=*(Uuti-24n+U

&
f

Use UCH = Auetwt with Are A eikon ⇒ - Aai = kfeika - z + e-
ika) A

¥¥f¥%
"

uuCHCty=Aeiwteika In the classical
limit a → o

-

# we have d
"# nexpfickx - oh]

Here w Ck) - doespersian relation . (77) a wave - lice solution
.

-Iffks as otherwise solutions repeat themselves ⇒ BZ.in ID .

ah ah k k tha Mz

Example 4 ~ u rn n u n - Twoatomsihtheba un q
mum - up up

a

{ mini
-

- H :÷: ::'t; ⇒ IT:#it.eiuteikan-fk-m-E.I.EE?9lfH=omivi=k(way
- left as)⇐8)

I
optical branch Casatiphase)

Yields two solutions : WICK)
,

- tacks # I← acoustic branch A

-

k
.
(oscillate in phase)aEI



Eixample Central forces --

/ (80) Binary fcc
PE = I Olaf Rao) nearest neighbors only between

,
unlined

Expand the pairwise interaction :
If I

r Eaten , Ea.it#cuI-u-isl 8D •

i:÷÷÷÷÷:: :*:*:÷¥÷¥i÷÷÷÷÷n÷÷÷
ftp.fafocei#=oicnEihrIftrHrD'=o.ii,

re -- II.t.ir#'iEHuaajaikaueaHtf⇒ EYE.ie#E..%cEE'sii--taa.ciiIsipg
-



Classical force field
• Ug CR) - fitted by a certain function of

R to the DfT total energies,

• Paiewiseappeeximation_ Hoy Manyatomsi

r-u.sn#effET-fIM r u -- Ez agitation
- E

- -

Lennard - Lones Pauli vdw (12un)

pqq.ge
repulsion attraction

÷gse-Interactions between hh and hun
[Al,Au, Ag , . .] ③

are the most important ones
,
I ccy steels ⇐ face - centered

close packing is dominated as the member close - packed (fcp)
of un is optimised

.

#¥TiRu]

• Biological molecules there many - body terms are essential as more
#

connplex covalent interactions tone place .

More complex interactions
I z - body 1 3 - body Example are also possible

.

Hitz k¥423 Hz , ,
H' , f- long range pairwise

2 2 T 3 0 interactions can be added
23


