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Crystal Structure: Unit Cell (Recall)

=> The shape and translation of a unit cell are determined by rts

UNIt vectors... '
o 2D: (ab) «— Notation: Bold font used for vectors

o 3D: (ab,c)(egq., out of the plane below)
=> Trans/ation vector: R=n,a+n,b+n.c (integers:n, n, n.)
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Crystal Hamiltonian & Electron Density

=> Densrty Functional Theory (Kohn-Sham) approach...

EmiWmik = HYmy H = [——VZ + V(r)]

! !

eigenenergy R Hamiltonian Kinetic energy

band index, wave number potential

e-e, eXchange-Correlation
V(r) = Vipns(r) + Vu (1) + V¢ (T)‘/
/

nucler e-e, electrostatic (Hartree)

Crystal Perrodicity:
Vir+R) =V({r)«—=>p(r+R)=p(r)

1 Z Z
Averaging over p(‘l‘) = l/)m 1 lp’;kn "




Crystal Hamiltonian & Electron Density

=> Interdependence...

4 )
EmiWmix = HPmyx  H= [——V2+V(r)]

N V(r) = Vigns(r) + V(1) + Vyc (1) y

4 1 . . N
p(r) = N_Z Z Umk Ymk
k k meocc
\_ J

(o) - V()
p(r) = Vxc (7‘))

—>

..self-consistent loop, more in a later lecture....



K-points & Electron Density

=> Why average over k-points... delocalization....

4 1 . . N
p(r) = N_Z Z Umk Ymk
k ” meocc
\ J

e +ik-x

< >

Energy (eV)

\b//// \\\\ 25 ¢
1D example ///\/\ A

vV Xw L ¥ X

Phys. Rev. B 61, 7965 (2000)
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7/

one unit cell




K-points & Electron Density

=> Why average over k-points... delocalization....

4 1 . . N
p(r) = N_Z Z Uk Ymk
k ” meocc
\ J

e+lk-x\>//,/’ ‘\\\\
1D example | 7\/\ A

< >

\\/\’ ‘ ,

Y 4
/J\ N X

Y (x)=e Hikex U,k ()

one unit cell



K-point Sampling & Electron Density

=> k-pomts sampling methods....

4 1 . . N
p(r) = N_Z Z Uk Ymk
k meocc

k J

-

ky4 kyAO ® ¢ ¢ ¢ o o
® ¢ ¢ ¢ o o o b kx )
IXTX7 The simplest (and most
4 common) chorce IS to
y

unitormly sample the
Brifloum zone.

® © © ©6 0 06 0 O
® © © © © 0@ 0 0
® © © 06 ©6 0 0 0 O
® © © 0 06 0 0 0 O
® © © © ©6 @6 @ @ ©

Technical term:
Ox9x%x9 *k, o “Mohnhorst-Pack” sampling
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K-point Sampling & Electron Density

=> Rough “unit cell” k-pomts sampling trends...

less k-points

1 [ no unit cell periodicity ]

No crystalline periodicity
(atoms, molecules)

more k-points

.. more K-poInts girves a higher accuracy electron densirty description.



K-point Sampling & Total Energy

=> Ex: Diamond lattice k-point .mmp//ng trends...

Total Energy wrt best solution (eV/atom)
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Total Energy Dependence on Electron Density

=> Electron-electron (e-e), ion-ron, and electron-ron interactions...

electron density e-e, electrostatic

Eror = j P(MWions(r)dr + Txs + Exc + Ey + Eion—ion
Q)

jon potential wells AX change-Correlation I

electron kinetic energy ion-ion
interaction

(repulsion)

unit cell volume

Example: H.,

C rep, u]510
A)‘K‘

Xa ttraction
repulsion
>




Total Energy To Binding Properties

=> Simtlar dratomrc nteraction form for all atoms...
A

Etot
Etor = f P Wions(r)dr + Tgs + Exc + Eny + Eion—ion
Q)

.. or uniform lattice compression/extension....

attraction

/
/

Ry

repulsion ‘

Bonding
distance



Crystal Structure: Unit Cell (Recall)

=> The shape and translation of a unit cell are determined by rts

UNIt vectors... '
o 2D: (ab) «— Notation: Bold font used for vectors

o 3D: (ab,c)(egq., out of the plane below)
=> Trans/ation vector: R=n,a+n,b+n.c (integers:n, n, n.)
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Electron Density Repetition & Crystals

=> When the electron density and nuclear posrtions are perrodic...

1 \ A |
p(r) = N Z Z Yk Yk
k k meocc

p(r

l/Jm,k (r)=e tiker Um k (1)

R) = p(1)

/ Imposes k-point sampling requirement

Lattice periodic component...

Umn k(T + R)= Uy 1 (1)

EmkWkm = Hl/)mk}—> H = [——Vz + V(r)

Vr+R)=V(r) ‘—[ V(r) = Vions(r) + VH(T) + Vyc (1) |

\ Nucler (“ions”)



Periodicity in the Bloch Wave
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Periodicity in the Crystal Potential
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Fourier Series Expansion of Bloch Wave

1¥)

¥

Um (r + R)= up (1)

"\

/N

A WVRTRVA AV

General-

. aZn
L



Fourier Series Expansion of Potential

AT VATRTAVRTAT A

aZn

G —
General- 7




>X

Vir+R) =V(r)

1 .
V(r) — 2 V(Ga)e+i6a-r :|> V(Ga) — ﬁf V(T)e_lG“'r dr

Q

Plane wave expa.nsmn: $.CASTEP
l/)m,k (r)=e tiker Um k (r)

Vi k (r)=e ke D Umk (Gy)e +HibaT CPMD

1 .
Pk ()= = Tg Cmg (R)e T .
m,k \/ﬁ q ~mq { QUUHNTUM %




—_—

) = 5" «——q=k+G,

V= —etd T q =K+ Gy :
lq ) = q — basis
/ orthogonal set

/ 1 —ia’ (1 .
(q'|lq) —ﬁfg e Te T dy = 5q,q’

—

[_ — V2 -+ V(r) ] — Hamiltonian operator

1 1 ,
(@]-37]a) =316,y @IV@D) =) VEby g,

all

—

Ha,a’(k) = ((I’li‘”(]) = (k + Ga‘f‘”k + Gal> Hamiltonian

| matrix

V(Ga . Ga’) elements

==k Ga|25

a,o’



Plane Wave Matrix for each k-point

1
Ha,a'(k) — Elk + Ga|25a,a' +V(G, — Ga’)
\

T (k)11 O %,
T (k)2 <§>O’7<9/.. L
(c; R
s,
gOO
c?/..p
(c@ R
G
@’) T(k)N,N-

—

1
Plane wave cutoff: Gy — El(}al2 - eg, 600eV

—_—



Diagonalize and Solve at Many K-points

et (k) = 51K+ G260 + V(G — G
A HI){em,q (K)} = e (k) {cm,q (K)} <vector 1xN

matrix NX N

_1 +iq-r_§ 1
wm,k Ja Zq Cm,q (k)e — p(r) — N_ZE 1/Jm,k 1/) ,
k meocc

q=k+ G,

Key computing problem

s 4 -
s ~O(N*) 3
S >
N o g
S5 :
)

S

s

# plane waves V. XW L Y X

Phys. Rev. B 61, 7965 (2000)



Defects in Crystals: Supercells

=> All of these periodic expansion methods can also be applied to
study defects and even chemvical reactions (as an arvay of periodic

“supercells”)...

point defect “supercell”

O O O O O O O O O O O O @) O O

O
@) O O O O O @)
O O @) O O O O
O L4 O O L4 O O




Defects in Crystals: Supercells

=> Many types of defects can be studied with supercells....

Substitutional larger atom
O O O O O O O O O O O O

o O oo O o\{©9© o o o o O o

Vacancy O O O @) O O O @) @)
¥/( ™. Frenkel
air
o o © o o o o o o © 0O o P
O
O O O O O O O O O O @) O
o © O o o o e o O O o ©
Interstitial
— >0
o o o O O ol o o o o o o

O O O O O O O O O O O O

Substitutional smaller atom

HW: with a linear mcrease m each drmensrion, the number of
sampling k-points needed decreases linearly (zone folding).



Back to the Matrix Problem...

et (k) = 51K+ G260 + V(G — G
A HI){em,q (K)} = e (k) {cm,q (K)} <vector 1xN

matrix NX N

_1 +iq-r_§ 1
wm,k Ja Zq Cm,q (k)e — p(r) — N_ZE 1/Jm,k 1/) ,
k meocc

q=k+ G,

Key computing problem

s 4 -
s ~O(N*) 3
S >
N o g
S5 :
)

S

s

# plane waves V. XW L Y X

Phys. Rev. B 61, 7965 (2000)



Reducing the Matrix Size

=> The “true” lattice potential is actually very sharp, requiring
many plane waves to represent in a plane wave basis...

f @ © ©@-6 & O,

conduction band

valence band

Fjﬂ/\} L/\: (}
—g /Recall: A
‘ V() = ) V(Gy)e*iCeT
N 7 G

V(r) “true potential”



Reducing the Matrix Size

=> Recall the “ron-core” approximation...

:E® © -6 & O,

conduction band

valence band

N
&/ \//\\/\\/\/\/
V(r) “ion core”

=> A much smoother potential can be represented by much fewer
plane waves in Fourrer transform...

—

Plane wave cutof f:

_ +iG, T L 1
V() = ) V(Gae 6o 216,
a

—

e.g, 600 elV




Towards Pseudopotentials

=> Scattering ervors (etc.) from “Just”’ an “ron-core” ...

& ©® ®-6 & 6,

conduction band

valence band

=> Introduce non-flocal term to fix scattering & other properties
n the ron-core approximation...

valen ce electrons

[— V2 4+ Vc(r) + V(1) + Ve (1) + an]

Y ON-CO re non-local



Reducing the Matrix Size

=> Revised Hamiltonian to reduce the number of plane waves
(matrix size)....

A = [~ 572 +Vie) + Vi) + Ve () + T

valence electrons
I
\ — frozen core electrons &

V(r) =Vy(r) +Vxc (r) + ‘7}95 nucler

Vps = Vic (T) + an:|, Pseudopotential: smoother than bare
nuclear potential

=> Pseudopotentials are constructed in the atomic Imit....

U4 — 7 U4 -
L= 2 N T 2
252__ ________________________ p EX: 252_, _______________________________ Zp
, ortho gonal Carbon non-orthogonal
1se¥fo — “no 1s” -

all-electron orbitals pseudo-orbitals



Pseudopotentials

=> Recall, atomic orbrtals have the general form...

Tl\ l]zA ) r» YlTn_(O’ ¢)
Vum() = Ry (’I‘)Ylm(H, o) 2p° L — m=0,+1
D G2 A < W,

m=-|..,0,..,+Il YOO(Q’(p)/- ------------

..wWith orthogonality imposed by radial and angular oscillations.

=> A pseudopotential equals an all-electron orbrtal beyond a cutoff..
Tps «+— cutof f

U4 .'ps
282 e T
% s

Ufs pseudopotential

U used to distinguish potential (V) in the atomic limit



Pseudopotentials

=> One approdach Is to create a separate “pseudopotential” for
each atomic orbrtal (angular momentum s,p.d,etc.)...

g 4T autoff Ynim(*) = R ()Y{"(6, $)
1 ! RPS
2 2 : a” "2S U YA -
St ——; T 2T
4 = “~pseudo-state U; =< 7XC & ps
201, <T
UESS pseudopotential ps
, Z A+, |
——V + UHXC - + Ry = &Ry + all-electron
J

RRNTEY 1
[_EVZ T US; T ( )] Rgg — stRgg - pseudopotential

... IFthe radial wavefunction 1s nodeless and smooth, so also will
1ts pseudopotential.



Pseudopotentials

=> The fitted pseudowavefunction must obey the below “rules”...

— m
PS4  Tps Unim(™) = Ry ()Y, (6, ¢) r
28 3 : — >
&\,@e | all:ﬁlectron ¢25
252 | L e e s
Tps Tps
charge_ {f rzR{’pdr=f r2R, dr
B conservation 5 5
[dep 1 ]
_ DD “energy/bonding” ps _
Seatcering | dr R, r=Tps conservation {el €1
conservation dr, 1 “ o
= bonding [Rm?] — [R ]
8 dr R, — conservation U dr>rys U lrsrys

R.Martin, “Electronic Structure:
Basic Theory and Practical Methods”



Pseudopotentials

=> From the pseudowavefunction the pseudopotential is constructed
for each scattering state....

ps, fitted  Tps Vnm (M) = Ry (r)Y™(6, ¢) r
Uzsd | _F >

all-electron 1/)555

; /
2\ o T Py

1+ 1

psS _
Ul = €nl

/ 2 R

Pseudopotential for a given angular momentum




Pseudopotentials

=> Kerker or Troullier-Martins pseudopotential fits....

- Tos Ynim (™) = Ry (M)Y;"(6, @) r
: >

all-electron ¢§;
¥

________________ e
s (

rteP™ ;ro <r
Kerker \

p(r) = czr + cyu1 +c6r6+c8r8+c10r10+clzr

l
\ T / Troulller Martins

fitted

.. but there are many types of pseudopotentials. Profector
augmented waves are a variation on this theme, more common
in typical planewave codes (e.qg., VASPF).



Pseudopotentials

=> Using the Kerker method the fit would take the form...

Tps Ynim (™) = Ry (r)Y;7(6, @) :
: all-electron l/)ps
/ 25
---------------- 'l/)25
1/)1, ~ (1) = ¢, 7% 4 cyri+cer®
rieP(); Tps <r
\
Z
UPS = UHXC_;; T 2 Tys
l ? T <7~ Ups . l(l+1) 1 szS
|. ) 'PDS Tl —gnl_i - RpS( l)

..more accurate methods are now commonly used (illustrative only).



Pseudopotentials

=> Creating an effective ron-core (many possible variations)...

Pic, iTps o (A sinh(abr)1* s
P" Pic =P _[ sinn(b) | )’ =P

-F/T \O;Tps<7‘

UiCA ; \ valence charge

e r . v
r 0

=> Valence charge potential contributions (one atom,)....

A
| 1

— | > T UH[pval] + UXC[pval]

/valence charge valence potentail




Pseudopotentials

=> Subtract out from the orbrtal pseudopotential...
[l l+1) 1

UP° = ¢, —=
l nl 2

ps
r RpS ZR l)]

5Ulps — Ulps — Uic _UH [pval] UXC[pval

=> Insert and reconstruct single-atom Hamiltonian....

[— V2 + Uie(r) + Uylpvarl + Uxclpyarl + UPS]

.~ brojection

ALK
non — local — ~PS (1:05;‘1/)5;)

R.Martin, “Electronic Structure:
Basic Theory and Practical Methods”

.. non-locality also enters in the potential Fourrer transform (HW).



Pseudopotentials

=> The general crystal Hamiltonian then becomes...

vlalence electrons all atoms

A = [~ 5 4+ Vie) + Va0 + Ve ) + T

centred at each atom
V' R N ‘/atom index
Vi (r) = z Uic,j Vi (r) = 2 . Ups,j
] ]

=> Improper pseudopotential construction & “ghost states”....

R A/“ghOSt state” Ex:"Ghost States for separable,
U__.,./_ __________________ 7 norm — conserving, ab initio
B B 2p2 pseudopotentails”,
252 Ve T Phys. Rev. B 41, 12264 (1990)
non-orthogonal
‘no 18" - Consequence: unphysrcal

pseudo-orbitals materral propertres computed.

.. Somewhat of an “art” requirves transferability testing’



Crystals & Electron Waves

=> Previous Lecture Takeaways....
o Periodicity in the lattice gives rise to perrodicrty in the
electron densrty;
o Electrons “move” as waves on crystal lattices;
o The energres of various electron wavevectors, band
structure, girves important electronic structure (metal,
semiconductor, insulator) and optical information.

=> This Lecture Takeaways....
o Electron density periodicity in the unit cell can be solved in

a plane wave expansion (other expansions in another
lecture)...

o This can also be done for supercells to study defects (etc.).

o Core electrons and nuclear potentials require a very large
basis set to represent accurately, hence the use of
pseudopotentials (to reduce the matrix size)...

o Computational scaling is a constant challenge in DFT, basic
matrix mversion/diagonalization to obtain the wavefunction

eligenvalues and ejgenvectors scales as O(N?) or so.
...pardon typos/ervors within.



