
Why Phonens ?

Phonous contribute to the face energy -> Hermodynamics (T, P)
includingHermal expansion, stability
Vibrational frequencies determine thermal Fansport and

superconducting properties

Comparison with experiment : interpretation of spectroscopic
techniques (infraced , Raman , inelastic X-say/neutron scattering)
requires accounting for phonons .
Phoneus participate in optical properties (e . g. indicect skc]
Phenens explain acoustic waves in crystals.

Phenens are needed to work out transition lates (kinetics).

Phones determine structural phase transitions (made aoftening)

Strongly anharmonic systems : beyond 2nd erderCharmonicity).
Also : close to instability , light atoms (H) , highT, near melting.



Separation of electrons and nuclei

· Fl = Me + An + New FP(R
, x) = E4(2

,47 electronic coordinates
↳ nuclei coerdinates

#e = Fr + Yee ,
Fu = Tn + Mun

,
Her = Men

↓

- -
-

↳ ↓
· A way

to exact solution :

e(x)+ Yee(x) + Yen(X, 2) + 4un(2)]4g(x, 9) = Ug(R) +g(x, a)
,
R-fixed

This correspondstoclassical nuclei · m (eletion) M(nucleus

&antumnulei (r)4(X,
9) = Shrodinger es

↳ Exact men-adiabatic equations
(v . complex ! ]



· Us(R) - adiabatic potential for the
electronic state 3

&(R ,
x) = Pg(x ,R)X3x(r)n+ Uz(R) + 1ys(R)]Xsx = EssXs
-

PES Es(R)

#//E(R)-Es(R))11
when the
adiabatic

approximation
is valid

Whatcan we learn from PES ?

1
. Equilibrium structure(s)

saddle point
-Fi↓ lenrigg barriersand

↑ A
R

metastableO
/

needstatestate

2
. Thermodynamics (EOS)

3. Viblations => thermal properties
,
transition safes (kinetics)

.

stability



Salve the equations for Xs(d) for
He given PES S (e .g . ground state)

[Yu + E(r)]Yy() = ExXg(r) 4 artial

Expand the PES in atomic displacements : MAK= PAX-Ris
Fo

E(M =FAA + Anhamni!
-
-

= 0 (ag
,

Axi

-

attamia Force constant matix => vibrations

ferces

=0 at the minimum) Comparison :
classicalvs, quantum

densely

Exe = Fo + (dueto vibrations) EIR)/ Y populated

#↳ PES minimum antum R

And erder : harmonic approximations picture ⑰ picture



# n

· We consider a single PES , e.g,
the ground state.

E = E +1j , 4) j, T = (A) E
harmonic approximationteit

-

quadratic form Pij
= Pji (I-symmetric matrix)

· Ikanslationalsymmetry : En= for Fi

The fore=
I unit cell ; X-X1] , 7

·Predicsystems (ocystals) i
,
j => (Esx) s-atom within the all

(a) displace 1 atomU = DE=Da D does not depend on

(b) displace 2 atoms Ups , and MisF0 = DE = 1(pu + pin,) + +44,44

=>Duan only depend on the difference-ph-

Twe may first consider (= 2 but Sts' ; then LF11]



Qusticalpicture

H ==(A) Pi

=,===-Ei

Changeto matrix rotations : Mi= -DU

= (0)u = (m)p =)
V = mu =4 = -b=m= - Dv

Dynamicalmateixpre Dij
~

Trial solution : V(t) = Yeicot - Y = - DY area elem
⑨

=> normal modes are : n =
M V

,
V = Y eicot= n =m Ye

icot

#theist
,

=> full solution is a linear combination



Full solution can also be obtained as fellows :

n =m V
,

v = -DV DYx=Yx
,
Yx Tx =x

D= WYxY* (spectral Heoren (

v = -[ = v =

-zWY scalar I
x= -

[w= Charmonic oscillator)

ic
with the scalar solution : Yx() = Ax ext + Bx ciwx+ = Axe + C

. C ,

(must beseal
V(H) is obtained via : Ex = Y*V / [ ix x

&= V
= V => V( = [Yx()Yx

E

u(H) = m ) = m&Yx(Axeiwx
+
+ Bxciwxt) = M([Yxyx(t)

= (Axu((t) + c
, c) (must beseal



Normal modes
y = YV = YIM

*
4- yx =I Milli

~
-i

normal ordinary
= coordinates displacements

He vibrational Sequences : ID-cFl = 0 Evidentity makeix

D = DT (symmetric) to

nectors ix can be all chosen o
thenormal :

#X=XXnality

EntT Ene Meded t



Stability

Pf = [u
+
qu = n+ (m

*Orik)u = 1( u)& (in)
D = [WYxY

T

(Spectral theorem

Pe=(MYTIcX(Min=
Salar= Yx

TED= WYER (scal

(a)wie fr= steen minimum
(b) <O =>

mustable #
[int = e+ i/i)wal)

+
= e=(wxlt X

dissociative solution

(c) 70X-small = soft made #



Fewfinite systems: (e . g . molecules) :

(a) translational invariance : momentum=[M==
(b) rotational invariance: angular momentum # = [m[X]=

A

small vibrations : r = [Ma[x]=Emex]=Gematex] =
m[exz]= 0,

Total of DoF = 3 N-6
.) non-linear molecules) -Bof less as well

Linear molecules : 3N = 5 (one rotation less)

1 3

Example1 -= 21 --xu = (k(X) -Xa)+ zk(X ,-xe) variable t-
m mm

Condition : m(x +Xs) + ME =0 => XI can be eliminated
.

X1 = z(9a +Pg)
k = _m(x +X)+M=MM = M +2m 15 Xz = &(Pa - 9s)
Pe = U= Xz=- a

The Hamiltonian : H = Mathe , Ha
= Mr H= separate

forin)
Pa

,
By-normal coordinates with Sequences :

= andw 1made



Translational invariance:

+xs) +MXz = 0 )m(yn +yz) + Myz = 0

Rotational invariance :
I

m 2

m(x(ii)] +m[Tjx()] +M[Tex()] = 0and / o

Fah(y,
- (3) - cast (x , + (3) = 0

Instead of 6 variables ,
we have only3 . # 3 conditions

· Introduce new variables :

X1 = &(Pa +Pa)( = &(Pa Ps)9a = X ,+ X3

3 S I
Xz = -Ma &P= Y ,

+ Y =
y1=( Pactz) Y =- 92y3 = 2(92Pactya)

95 X - X3

· Consideringand in the 1st erder with respect te displacementse

&, Ye and X3
,
%3 :

82= (X ,-Xe) send + (:ye)cosd Ne-(X3-1/sna + 185-2) was a

The angle's 4321 change can
be obtained e .g .

from cs(h + 52) = Fists/fram :

Ga = 14(- (Xy-xz) + (X=x)] cosa - ((4y-2-)+(y,y)]snd]



PE=( )(+)+ (k5+2kc)
C= cos2

+(, +2k5)+ (k-2k)es Psi9sz , where sering
·Ke=(
· Ear Z = ke-pe, (q,

Pa cordinate is already separated
,

↑
9s1 = 95= 0

->

naulmode1w2 =(
Ps , and &s

are still coupled :

)=)=)
Vibrations (P1) - Yest are obtained from

A= Y
, fieldinon

co - [h(+)+ 2 (+c+





-Ban
,
von

Kaarman boundary conditions :

mainregiont ii·!All
2

Rpocal space :=

Brillowin zone (BZ) : TEBZ

Let us tane some E and apply I
it to both sides of

=i c =Fi)(i) =w(eik +2)

*DDiE
wit Translational
-normalmadeHeSequenciea #symmetry a

finite size !



Classical
d considerationestallinesystema
~ Manatomiclattice
-

i - 2 i - 1 4 -3 i+ 1

2=min
min u == = + k(4n+ 1 4u) - k(4n- 42-1)n = k(4n+ 1

- 24n+ 4n- 1)

Use Un(H = Anot with An= A eikan=- Ac = k(eika - 2+ eika) A

Ent(1-ceska)and(4) =A icotgikan In the
classical limit - e

we have u exp[i(kX-cot)]
a wave-like solution .

there (k) - dispersion relation. Cacoustic wave)

-I as otherwise solutions repeatthemselves => BE in 1D.

Mz

Famed nhweathens in the basisUn un
- 17 V
a

·min
= k(un - 2Un+2n+1)

my = k(Un-2Vn + Un+1)

Yidds two solutions :We
3D ?



-Newcan one
calculate I ?-

Binary Fac
Emple5 Central forces

PE =I(as nearest neighbours onlybetweenunle

Excel d pre interactice t,b(r) = q(( +) = p(r)++ a ·
where: T=-]

=(
==(r)

Pe=[r()=)

=



#singal initio methods

·ezen phomen. approximation

Us(R) - ground state property , can differentiate numerically

Y

10Papa-PaBP
& /Y d Y I ↳= - F/ua

Y

"As%O only ! I

Better precision : -Fa)/ua- 41 , as wel

I
Y

C
,

It won't be symmetric .
Need to imposeEspan):BG the symmetrisation posteriori y either accepting

1
,
7 or averaging over two·

Symmetry : the member ofcalculations can be reduced. Taylor ?



InterplayBetween primitive & super cells

Primitive cell Extended all

YX

Direct A ad

-Space
↓

d2 I 3 X -
a a

,
A
,

↑
->d

x-x -

Reciprocal

space be
BZ

xkx
- 2/ xkx↑- b1

B1

a =2, =2
O BE -- TBZ art

equivalent



·&Modicboundary conditions (cystal phones)=
are the same

↳ B7 all#yh L= N+
*

-

↑ ↑

2- primitive ,
= 21 , n = 22-large large internal

-
,
52-reciprocal

B

, = 5/2 , B=/2

k
DisplaceNos from= 0 : Fus-Ho

N

For those KEBZ
, for which expliT) = 1 ,

* equals 5 sased exactly:
-

These are KEBE
,
which become ImjB; in

the reduced B

eximj] = exp(i [R] = exp(2ni/integer)= 1

&Pri 2π5jk



Es crystals with PDC this method would only give vibrations for certaia

kEBE
.
Larger UC are needed to have moreE points seproduced.
-

different The method is EXACT
-

Practical steps :

⑦ given extension= [Tij , determine all internal
translations #

② determine all TEBE thatsatisfyequivalent to

E
ii

= 1 for this extension 3 I= o from IBZ
③ displace atoms in the primitive unitall >fSX

,
sa

- in
for #EBZ equir to⑪ calculate D4sd, (k) ~Esse -

k = 0 from [BZ
Playing with supercells :

· one cell -- many
i points (it will then be large)

· manly small cells designed for specific [ points

Small I rectors require VERY LARGE extensions

Numerical problems : "Small" displacements ; symmetrisation [ required,

Problem : the smallest supercell to give a particularEBZ ?



Catrelating phones at other K-points [Interpolation)

Pssd(k)=
=Ms Psa .

(k) eikn

=viPa, silk eihn symmetris ora

N = 0 for any N .F o

Once Dis known in the direct space , then for any
offer K-BZ :

sa
,

si
(k)=Ne-ikND

Sa
,
se

=
=BzPass . (k([eiks

-

k)n]


