
Methods MD

Harmonic approximation frozen honous
&-> linear response-> Tayler expension of PES (MD, sampling)

Pheners are independent quasiparticles witha lifetime.

Structure& thermodynamics : quasiharmonic approximation (PHA)

Gives structure (i,s) at20, 130 for many systems,

but full implementation is computationally challenging for
Snon-cubic crystals . Quantum ?

MD (SCAILD) H
Inclusion of
anharmonicity = MD (TDEP)

- Ib perturbation (when small) (SCP) t

Stochastic methods (SSCHA) +



~

Quantum consideration

Pe=44 ⑳cl

X mateix

This can be diagenalised to "classical" normal modes : G = ThDrh,

Petzutau = Eutrk)=
where Y= MYTH =GVYY are normal modes (classical

Momentum
: P =-it =-i[i

Hence
,

KE =E=T
The Hamiltonian

#Y*) = sum of independent harmonic oscillators

Ftw(nx+e)Ent= Sux3]
↳ 0

,
1
,
2, ...



Phonen'sstatistics

F = [x ,
Ex = + wx(nx+ 2) T

i
x (m) = nx (4) nex

The fee energy (Helmholtz) Fu-TS
= -kaThz
-

z-statistical sum : z = Ts(e- H) = MEX , =x = Ts(e
- 8hx) #E2/naT

For one oscillator
↓

Eu- (n)

Ex=he w
The face energe F=-Th(_+ KTh(2 - e ftw +)) = f(t)

-

anasiharmonic approximation zero pointenergy
At TO crystals expand . Approximately. (P =0) :

F = Upf+ (v) + Fribg(V ,
T)

minf-o structure for the givenT--
~

At PC O one has to use G = F + PV

harmonic anharmonic mindo structure for theventp



ConLigusational entropy
1111111/

dimer monomer

Which structure is
NM

more energetically
favorable ?

but still ()1·species. #NINEN-N#
coverage . Fr=Fr/2

M

Flee energy per species
:

F =&D+ Frib
,

- KT[h1(1-0)]
-

↳

&·
C
.
Paris et al

.

- Comm
.

Chem
. 166 (2018)



Phasetransition in tin [d- Su = &-Su]
DFPT

-C diamond body-cented Fetragonal (bct)

132
=>

X-Sn (graytin) 8-Sn (white tin)
(T <Tc) CT > Tc)

F = E-TS (naive &M approximation)

FE The phase transition
is driven by phones X

&

E S-Sol
·

L (Einstein model)
I WaW So-S > O



Thead expansion of simple metals F = Fee + FOH (+ FAH + Fdefects)

Large cutoffs
Large K-points mashes

(up to 4x4x4)
Large supercells

(up to 5x5x5)
LDA vs . GGA compared

-Tfirst used for various values of
the volume V.
for each V phones were calculated

Frequences Okj for nen-exact k points
PHONONS were interpolated accoss He BE using

a Fourier methed ( ? 1
free

energy
f(V ,T) calculated

p =-( select to get VeyPT

#
EXPANSION B

.

Grabowski etal . - PRBz6024309 (2007)



Self Consistent #bitio Lattice Dynamics (SCAILA)

Using HA formulae :(monoatomic) :
- ikL

*si(k) = GIss(l)e ,
Ole with

Displacements : ikL normal coordinates=PrjTje Pj (operators)

Operators P
;
are replaced by numbers via (high)

~
Letwai _,j

j , <Arj= (1+2)
allowing to relate FT of atemic forces

to the displacements :
F

= -[M Wjj, Aj /Pr
G
Wij=-his

real numbers

Comp .Mat. 44888 (2009)



Algorithm : (Aj) gatsandom

(1)
-x
...wi-Unafra-fra-Wig

Depends on (via Arganj

Quantum effects are also somewhat included because of <Dip

Al is effectively included through the Sc procedure.

Free energy
can also be calculated Convergence

via the DHA formula :

F=(1 - est]dw
e

Q HA



Phonous Phase transition

hcp (2)1135K bc(6) T
& 2

4x4x4 - Ga

4x4x3- hap , claz constant

F(V
,
T) for both phases

F = E(v) + fq(V ,T) + fee(r ,T)

-

Fee (r,T)
6x phase of Ti,Zs,H : Stable at

T>0K



T-dependent Effective Potential (TDEP) method

- al initio
- includes anharmonicity
- finite T
- can be extended to

any
lattices

(e .g .

non cubic



· NPT first
* a model Pf

. NVT nextU(H) = U
.
(t) + qudisplacementeaut matix

MD (NVT) : Ut and forcesf> f= M = Pl
the "best" last square sit to Find=-
The force constant metix is obtained via the pseudoinverse : E= -U

#
f
to avoid

Free energy follows from vibrational frequences due to : double renting !-

#No + Fribwith>Umat-1 : (H) uj()]
-free energy exact PE at time (T dependent !)

backi
6x
Es

* instability--
at T=Ok



Self-consistent phemous (SCP)

H =I + V(u) v(u)=
HA -for periodic crystal: At

AH = &Ve Un= [D(9+... + En) V(919 ...9n)(g + b) ... (Get in
493

q = (qj)
Use many Body perturbation theory . Define the phonen GF :

&=FE) = (UA (Un(t]]
massless displ

It satisfies the Dayson equation :

&xz) = Do (77) + Jdz ,danD(,z1)2)D(72 ,z)
i

Fif HEF self-energy

Self-energy [ = &[D] Needs to be calculated self-consistently.



Examples of cubic & quartic diagrams :
Be

cubic
⑥ ↓

[(q) = -EV/12 , 05) V(j ,k-k)i
"Tadpole" kj

It is seal -> gives the All shift of We

-> [(qw)=-  ]
"Bubble"

"

It is imaginary
-> accounts for phenon's lifetime

quartic
via Im [ (9

,
2)

&" [(q) = -[V(919999-91)+ Also real shift
"Coop" 9

The senermalized phomans are fane from det [D(9 ,w)"- [(9.w)]=
(mapping to a fictitious harmonic system)



Calculation of If Cs

Taylor muthed : V(u)=u+a ..a

gives the atomic forces f(u) = - & (4) /ou

The unknown coefficients Ea
,
... an

are ebtained from DFT forces

using either
the pseudoinverse: U , = Utf

Sequivalent to selving the least-square

problem min/-1] or advanced
&

Segression algorithm (LASSO)

min11EU-E11 + /Ell (availa
E ↓

select the best

using a feating set



Renermalised Phenous -ho Lattice Thermal Conductivity
BTE

[Eg()( RTA

Pr(a) = 02/09 PhonetimeEa
group velocity

~ Im Ig(eq)

↑ (c)=,
x 5(-egi-hg) - 2(4qi=qx)G(w - eq+ eq)]

1 cubic bubble-+)

hich t phase ⑰ &
acoustic modes (TW2)

of perovskite STOs SITOs T
E

300k

Only Bubble diagram was
=

optical around
used (self-consistently) R point

(severe AH)

PRBg2054301 (2015)



Stochastic Self-Consistent Harmonic Approximation (SSCHA)

Free
energy F(SH) = - Gez = Ts(SH) - SH) = u -TS

-

8H = 1 2
- 94

u = (H)gH S = [Blu SH
(M = 0 forzaz = Ts(efH) = DM
phenzus)

H = K + V(R) = exact Hamiltonian for atems (BO)
It is a complicated quantity to calculate

due to difficult VIR)

I can become via diagrammatics it anharmenic terms a weak]

Gibbs-Bogailiuber inequality : FH(SH] = Fultze] , Use
= K+ 2
zu

tiial Hamiltonian

ElsaT= FH(fze) = Far (920) + far(v(r) - V(r))fx(r)
~

Ts (free) - *Ts(Syehfr)
R - all degrees of Freedom (all , atomic positions

Main Refs : PRB89,064302 (2014) ; 96, 14111 (2017) ; J
. Phys . Cond, M. 33 ,363001(2021)



Auxiliary Harmonic potential 2 < the main (and clever) idea !

= Use Ma = RBa
, Brady

Su= = E +H , z = T))e92)

Why is it clever ?
1
. Fre [5] = [ 1(1-eftw) harmonic

D =MM
,
Der = wirer

2
. DMJ is available analytically in the cordinate representation :

[u15in) = 1- exp)[[4atagns) · &[uljIu)du = 1
Vz4)

t n = R - B
↑
ab
=<Hallega re -

M displacement
It is a multivariable Gaussian !



The idea is to optimise F(5] with respect to Rand 6
The derivation is based on transferring all variables fouductofGaussians-
into the observable that is to be averaged

<O(ry = (0(c +u)(u)5(u)du = fo(c +Ly)(
Na = &Laxx ,Latex+2
Then

,
the required geadients are given by averages :

fund
-m actual expressions

different for precisionmicro- Gard
are somewhat

-

where average Messian

Nab =It is
depends onder

,
Wal from O.



The average Hession can also be expressed via averages of atomic
Saras:or= actual expressions

u are somewhat
atomic force different for precision

Averages are calculated using MC method based on the Gaussian

distribution : N sampled using&

[0(r))y =SPIRI(R)dRD(Ri)(r) = (15(n) (Gaussian !)

The flow chart : Calculate total "more"

B - generate N energies and -- calculate "forces" - R,
configurations

-> atomic forces & F/aR
,
GF/if (CG)

from(R) for all systems

⑭I
Some ticks with importance sampling : *

(0=Or seweighting R,
procedure

so no new configurations are needed ! The same for different To



PtH at P = 100 GPa , T
= OK ; hap Structure (a = 5

.

121
,
c = 8

.651)

E =E(v(r)- ((r)Ss(r)
&

↓ Both contributions
are important

Started from 20 configurations ,-

sampled from Sye
.

(2)

A-new configurations.
E- added 380 more to improve

precision-- 400 inall

Phanens [PRB89
,
064302 (2014)]

from f = (ful) after C6
lat the minimum of FT

Pit
Imaginary frequencies around I disappeared .

Shift of optical modes'



In later studies they changed their view : phonous from the Messian of F(R) :

- = b + bng() + g()(4) PRB26014/11 (2017)

g() = (Gaba)
,
Bal = (or,

b① = [1-674(Gabed)
, Gabedor

Here all are matrices w . s. t . double indices : Nabed = 1AB + A = (ab) , B= (d)

Lnd order phase transition Gabe Baba-via R
, forces in 1 ... ]g

F

TaF-pupu
-W ·Rar Pabd =-[uT = Tc

W 9
--

TCTc Ef
,
-basically , an atomic force.

There must be a soft mode !



T > Tc

TCT

↑ ↑

using fas only
there are imaginaryusingt Phenens Tt(positive definite



Crystal structure prediction

Homogeneous Strain : B -- th= (1+ 2) &

F = J + <V(r) - 2(r)) ·

=-
- me

- Ordinary contribution

stress due to Af

Stress tensor :

Gag
= -Eng
=G-an Jag + Yagai
~
-

DfTcode due to Al + quantum
CQ-minimises V

Fm3m- minimises F

tan = -Eacblog-fictitious force
J

. Phys . Cond . M . 23 363001 (21) ,


